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Abstract
In this short note we prove an equivariant version of the formality of multidiffirential operators
for a proper Lie group action. More precisely, we show that the equivariant Hochschild-Kostant-
Rosenberg quasi-isomorphism between the cohomology of the equivariant multidifferential opera-
tors and the complex of equivariant multivector fields extends to an L∞-quasi-isomorphism. We
construct this L∞-quasi-isomorphism using the G-invariant formality constructed by Dolgushev.
This result has immediate consequences in deformation quantization, since it allows to obtain a
quantum moment map from a classical momentum map with respect to a G-invariant Poisson
structure.
∗chesposito@unisa.it
†
niekdekleijn@gmail.com
‡
jschnitzer@unisa.it
1
1 Introduction
Deformation quantization was introduced in the seventies in order to provide a mathematical proce-
dure to pass from classical mechanics to quantum mechanics. The main problem in comparing the
classical theory of mechanics and the theory of quantum mechanics is the difference in their math-
ematical formulation. This difficulty has been overcome by looking for deformations of algebras of
functions over Poisson manifolds; quantum mechanics is then realized in the deformed algebra. The
existence of such deformations was proved by Vey in [13] and a few years later the seminal papers [1,2]
from the Dijon school (Bayen, Flato, Fronsdal, Lichnerowicz and Sternheimer) appeared, where the
quantization was performed, using Gerstenhaber’s approach, by deforming the associative and com-
mutative algebra of classical observables. The deformed product is what is generally called a star
product. The existence and classification of such a quantization in the case of Poisson manifolds has
been provided by Kontsevich [8] by means of the well-known formality theorem and further developed
by many authors, e.g. [3, 4] and many others.
At the classical level conserved quantities described via the momentum map lead to phase space
reduction which constructs from the high-dimensional original phase space one of a smaller dimension.
Motivated by the significance of the classical situation, it is highly desirable to find an analogue in
quantum physics. Here deformation quantization proved to be one of the successful frameworks to
address such questions. Only recently, the complete classification of equivariant star products, i.e.
invariant star products together with a quantum momentum map, on a symplectic manifold was
achieved [12].
In this short note we prove an equivariant version of the formality theorem, first conjectured
by Tsygan in [10] and Nest in [9], that preserves the momentum map in the classical and quantum
setting. Our result recovers the one obtained in the symplectic case in [12]. We define the complexes
of equivariant multivector fields and multidifferential operators and we construct an L∞-quis between
them. As we can interpret the classical and quantum momentum map as Maurer Cartan elements
of these L∞-algebras, the existence of an L∞-morphism automatically sends classical into quantum
momentum maps. Moreover, since the morphism is a quasi-isomorphism, we obtain a one-to-one
correspondence between equivalence classes of equivariant Poisson structures, i.e. G-invariant Poisson
structures together with momentum map and equivalence classes of equivariant star products together
with quantum momentum map.
The paper is organized as follows. Section 2 collects all the basic notions in the realm of L∞-
algebras. In Section 3 we define the DGLAs of equivariant multivector fields and multidifferential
operators and prove that the classical and quantum momentum maps can be characterized as Maurer–
Cartan elements of such DGLAs. Finally, in Section 4 we prove the equivariant version of formality
theorem.
2 Preliminaries
In this section we recall the notions of L∞-algebras, L∞-morphisms and their twists by Maurer–Cartan
elements as introduced in [11]. Proofs and details can be found in [3, 4, 6].
We denote by V • a graded vector space over a field K of characteristic 0 and define the shifted
vector space V [k]• by
V [k]ℓ = V ℓ+k.
A degree +1 coderivation Q on the coaugmented counital conilpotent cocommutative coalgebra Sc(L)
cofreely cogenerated by the graded vector space L[1]• over K is called an L∞-structure on the graded
vector space L if Q2 = 0. The (universal) coalgebra Sc(L) can be realized as the symmetrized
deconcatenation product on the space
⊕
n≥0
∨n
L[1] where
∨n
L[1] is the space of coinvariants for
the usual (graded) action of Sn (the symmetric group in n letters) on ⊗
nL[1], see e.g. [6]. Any degree
2
+1 coderivation Q on Sc(L) is uniquely determined by the components
Qn :
n∨
(L[1]) −→ L[2] (2.1)
through the formula
Q(γ1 ∨ . . . ∨ γn) =
n∑
k=0
∑
σ∈Sh(k,n− k)
ǫ(σ)Qk(γσ(1) ∨ . . . ∨ γσ(k)) ∨ γσ(k+1) ∨ . . . ∨ γσ(n). (2.2)
Here Sh(k,n− k) denotes the set of (k, n− k) shuffles in Sn, ǫ(σ) = ǫ(σ, γ1, . . . , γn) is a sign given by
the rule γσ(1) ∨ . . .∨ γσ(n) = ǫ(σ)γ1 ∨ . . .∨ γn and we use the conventions that Sh(n,0)=Sh(0,n)= {id}
and that the empty product equals the unit. Note in particular that we also consider a term Q0 and
thus we are actually considering curved L∞-algebras (which will be convenient in the following).
Example 2.1 (Curved Lie algebra) A basic example of an L∞-algebra is that of a (curved) Lie
algebra (L, R,d, [ · , · ]) by setting Q0(1) = −R, Q1 = −d, Q2(γ ∨ µ) = −(−1)
|γ|[γ, µ] and Qi = 0 for
all i ≥ 3. Note that we denoted by | · | the degree in L[1].
Suppose (L, Q) is an L∞-algebra. We call the element Q0(1) central if
Qn+1(Q0(1) ∨ x1 ∨ . . . ∨ xn) = 0
for all n ≥ 1. Note that in this case we obtain the cochain complex (L, Q1).
Let us consider two L∞-algebras (L, Q) and (L˜, Q˜). A degree 0 counital coalgebra morphism
F : Sc(L) −→ Sc(L˜)
such that FQ = Q˜F is said to be an L∞-morphism. A coalgebra morphism F from S
c(L) to Sc(L˜)
such that F (1) = 1 is uniquely determined by its components (also called Taylor coefficients)
Fn :
n∨
(L[1]) −→ L˜[1],
where n ≥ 1. Namely, we set F (1) = 1 and use the formula
F (γ1 ∨ . . . ∨ γn) =
∑
p≥1
∑
k1,...,kp≥1
k1+...+kp=n
∑
σ∈Sh(k1,..., kp)
ǫ(σ)
p!
Fk1(γσ(1) ∨ . . . ∨ γσ(k1)) ∨ . . . ∨ Fkp(γσ(n−kp+1) ∨ . . . ∨ γσ(n)), (2.3)
where Sh(k1,...,kp) denotes the set of (k1, . . . , kp)-shuffles in Sn (again we set Sh(n)= {id}). Given an
L∞-morphism F of L∞-algebras (L, Q) and (L˜, Q˜) such that Q0(1) and Q˜0 are central we obtain the
map of complexes
F1 : (L, Q1) −→ (L˜, Q˜1).
In this case the L∞-morphism F is called an L∞-quasi-isomorphism if F1 is a quasi-isomorphism of
complexes.
Given a dgla (L,d, [ · , · ] and an element π ∈ L[1]0 we can obtain a curved Lie algebra by twisting
the structure by keeping the same bracket, defining a new differential d + [π, · ] and considering the
curvature Rπ = dπ + 12 [π, π]. In fact the same procedure can be applied to a curved Lie algebra
(L, R,d, [ · , · ]) to obtain the twisted curved Lie algebra (L, Rπ,d + [π, · ], [ · , · ]), where
Rπ := R+ dπ +
1
2
[π, π].
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The element π is called a Maurer-Cartan element if it satisfies the non-homogeneous equation
R+ dπ +
1
2
[π, π] = 0.
Finally, it is important to recall that given a dgla morphism or more generally an L∞-morphism
F : L→ L˜, on may associate to any Maurer-Cartan element π ∈ L[1]0 a Maurer-Cartan element
∑
n≥1
1
n!
Fn(π ∨ . . . ∨ π) ∈ L˜[1]
0
3 Equivariant Complexes
The aim of this section is to introduce new complexes which contain the data of Hamiltonian actions,
or in other words of the momentum map, in the classical and quantum setting. More precisely, let us
consider a Lie group action Φ: G×M →M .
Definition 3.1 (Equivariant Multivectors) The equivariant multivector dgla is given by the com-
plex T •g (M) defined by
T •g (M) =
⊕
2i+j=k
(Sig∗ ⊗ Γ∞(Λj+1TM))G =
⊕
2i+j=k
(Sig∗ ⊗ T jpoly(M))
G,
together with the trivial differential and the following Lie bracket
[α⊗ X,β ⊗ Y ]g = α ∨ β ⊗ [X,Y ]SN
for any α⊗ X,β ⊗ Y ∈ T •g (M).
Notice that invariance with respect to the group action means invariance under the transformations
Ad∗g ⊗Φ
∗
g for all g ∈ G. We can equivalently interpret this complex in terms of polynomial maps
g → T jpoly(M) which are equivariant with respect to adjoint and push-forward action. Using this
point of view, the bracket can be rewritten as
[X,Y ]g(ξ) = [X(ξ), Y (ξ)]SN. (3.1)
Furthermore, we introduce the canonical linear map
λ : g ∋ ξ → ξM ∈ T
0
polyM, (3.2)
where ξM denotes the fundamental vector field corresponding to the action Φ. It is easy to see that
λ is central and as a consequence we can turn T •gM into a curved Lie algebra with curvature −λ.
Now let (M,π) be a Poisson manifold. Remember that a momentum map for the action Φ is a map
J : g→ C∞(M) such that
ξM = { · , Jξ} and J[ξ,η] = {Jξ , Jη}, (3.3)
where the curly brackets denote the Poisson brackets. An action Φ admitting a momentum map is
called Hamiltonian. In the following we prove a characterization of Hamiltonian actions in terms of
equivariant multivectors.
Lemma 3.2 The curved Maurer-Cartan elements of T •g (M) are equivalent to G-invariant Poisson
structures admitting a momentum map J : g→ T−1polyM .
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Proof: The curved Maurer-Cartan equation reads
−λ+
1
2
[Π,Π]g = 0
for Π ∈ T 1g (M). If we decompose Π = π+ J ∈ (T
1
poly(M))
G ⊕ (g∗⊗ T−1poly(M))
G, it is easy to see that
the curved Maurer Cartan equation together with the invariance of the elements is equivalent to the
conditions (3.3) defining the momentum map. 
For a later use let us denote by
MCλ(T
•
g (M)) = {Π ∈ T
1
g (M) | − λ+
1
2
[Π,Π]g = 0}
the set of curved Maurer-Cartan elements and the set of formally curved Maurer Cartan elements by
MCλ(T
•
g (M)[[~]]) = {Π ∈ ~T
1
g (M)[[~]] | − ~
2λ+
1
2
[Π,Π]g = 0},
where we extend all the maps ~-linearly. LetM be equipped with a G-invariant star product ⋆. Recall
that a map H : g→ C∞(M)[[~]] is called quantum moment map, if
LξM = −
1
~
[H(ξ),−]⋆ and LξMH(η) = H([ξ, η]).
In order to prove a quantum analogue of Lemma 3.2 we need to introduce the notion of equivariant
Hochschild cochain.
Definition 3.3 (Equivariant Hochschild cochains) The equivariant multidifferential operators
dgla is given by the complex C•g (M) defined as
Ckg (M) =
⊕
2i+j=k
(Sig∗ ⊗ Djpoly(M))
G.
The dgla structure maps are induced by interpreting C•g (M) as equivariant polynomial maps
g→ Dpoly(M). More precisely, we have
(∂gD)(ξ) = ∂(D(ξ))
and
[D1,D2]g(ξ) = [D1(ξ),D2(ξ)],
where we denote by ∂ and [−,−] the usual structure maps of the multidifferential operators dgla.
As in the equivariant multi-vector field case, we interpret quantum momentum maps as (curved)
Maurer-Cartan elements. With a slight abuse of notation, we define
λ : g ∋ ξ → LξM ∈ D
0
poly(M),
and see that λ ∈ C2g (M) is central and moreover ∂
gλ = 0. This means we can see C•g either as a dgla
with the above structures or as a curved Lie algebra with the above structures and curvature −λ.
Lemma 3.4 A formally curved Maurer-Cartan element Π ∈ ~C1g (M)[[~]], i.e. an element Π satisfy-
ing
−~2λ+ ∂gΠ+
1
2
[Π,Π]g = 0, (3.4)
is equivalent to a formal star product with a quantum moment map.
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Proof: Let us decompose Π = ~m⋆ − ~H ∈ ~(D
1
poly(M))
G ⊕ (g∗ ⊗ D−1poly(M))
G[[~]]. It is easy to
see that (3.4) is equivalent to say that f ⋆ g = fg + ~m⋆(f, g) is a star product and H is a quantum
moment map. 
Also in this case we denote by
MCλ(C
•
g (M)[[~]]) = {D ∈ ~C
1
g (M)[[~]] | − ~
2λ+ ∂gD +
1
2
[D,D] = 0}
the formally curved Maurer Cartan elements.
4 Equivariant formality
The aim of this note consists in proving the following theorem, first conjectured by Tsygan in [10].
Theorem 4.1 Let Φ: G ×M → M be a proper action. Then there exists an L∞-quis F
g between
T •g (M) and C
•
g (M), such that F
g(λ) = λ.
First we recall that a G-invariant version of such a formality theorem has been already proven. In par-
ticular, given a Lie group G acting on a manifold M it has been proved in [3, Theorem 5] that if there
exists a G-invariant connection then one gets a G-equivariant L∞-quasi-isomorphism from T
•
poly(M)
to D•poly(M) which extends the HKR map. We denote the components of such quis by {Fk}k∈N. As
a consequence, we have a collection {Fk :
∨k(T •poly(M)[1]) → D•poly(M)[1]} of G-equivariant maps
which allow us to define a sequence of maps {F gk :
∨k(T •g (M)[1])→ C•g (M)[1]} simply by
F
g
k (X1 ∨ · · · ∨Xk)(ξ) := Fk(X1(ξ) ∨ · · · ∨Xk(ξ)) (4.1)
for ξ ∈ g.
Lemma 4.2 The maps {F gk }k∈N given by (4.1) define an L∞-morphism from T
•
g (M) to C
•
g (M).
Proof: Consider first the dgla L1 given by tensoring Tpoly(M) with the graded commutative algebra
S(g) where the generators of the polynomial algebra each have degree 2. Similarly consider the dgla L2
given by tensoring Dpoly(M) with the same graded commutative algebra. Noting that the coalgebra
structure is given by
⊕∞
n=1
∨n
L[1] with the deconcatenation coproduct we identify first
n∨
L1[1] ≃
n∨
S(g∗)⊗
n∨
Tpoly(M)[1] (4.2)
through the map c1v1 ∨ . . . ∨ cnvn 7→ c1 ∨ . . . ∨ cn ⊗ v1 ∨ . . . ∨ vn. Denoting the corresponding
codifferential by Q, the expression Q(c1 ∨ . . . ∨ cn ⊗ v1 ∨ . . . ∨ vn) is then given by∑
1≤i<j≤n
ǫv(i, j)c1 ∨ . . . ∨ cicj ∨ . . . ∨ cˆj ∨ . . . ∨ cn ⊗ v1 ∨ . . . q2(vi ∨ vj) ∨ . . . ∨ vˆj ∨ . . . ∨ vn (4.3)
where the hat signifies omission, q2 is the second Taylor cofficient of the dgla structure of Tpoly(M)
and ǫv(i, j) = (−1)(j−i−1)|vj |+
∑j−i−1
k=1 |vj ||vi+k|. Similarly we may identify
n∨
L2[1] ≃
n∨
S(g∗)⊗
n∨
Dpoly(M)[1]. (4.4)
Denoting the codifferential by P in this case, the expression P (c1 ∨ . . .∨ cn⊗ v1 ∨ . . .∨ vn) is given by∑
1≤i<j≤n
ǫv(i, j)c1 ∨ . . .∨cicj ∨ . . . ∨ cˆj ∨ . . . ∨ cn ⊗ v1 ∨ . . . p2(vi ∨ vj) ∨ . . . ∨ vˆj ∨ . . . ∨ vn
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+n∑
i=1
ǫ˜(i)c1 ∨ . . . ∨ cn ⊗ v1 ∨ . . . ∨ p1vi ∨ . . . ∨ vn
where p1 and p2 denote the first and second Taylor coefficients of the dgla structure on Dpoly(M)
respectively and ǫ˜(i) = (−1)
∑i
k=1−1|vk|. Now we consider the coalgebra morphism H from (the
coalgebra cogenerated by) L1[1] to L2[1] with the Taylor coefficients given by
Hn(c1v1 ∨ . . . ∨ cnvn) = c1 · · · cn ⊗ Fn(v1 ∨ . . . ∨ vn) (4.5)
where the Fn are the G-equivariant maps defined in [3, Theorem 5]. Note that this implies that we
obtain the coalgebra morphism such that the expression H(c1 ∨ . . . ∨ cn ⊗ v1 ∨ . . . ∨ vn) is given by∑
p≥1
∑
k1,...,kp≥1
k1+...+kp=n
∑
σ∈Sh(k1,...,kp
ǫ(σ)cσ(1) · · · cσ(k1) ∨ . . . ∨ cσ(n−kp+1) · · · cσ(n) (4.6)
⊗Fk1(vσ(1) ∨ . . . vσ(kp)) ∨ . . . ∨ Fkp(vσ(n−kp+1) ∨ . . . ∨ vσ(n)) (4.7)
where Sh(k1, . . . , kp) denotes the set of (k1, . . . , kp)-shuffles and v1 ∨ . . . ∨ vn = ǫ(σ)vσ(1) ∨ . . . vσ(n)
defines ǫ(σ). Now it is easy to see that the fact that the Fn define an L∞-morphism from Tpoly(M)
to Dpoly(M) implies that H is also an L∞-morphism. Since the Fn are all equivariant it follows that
the Hn are also equivariant. Thus H induces an L∞-morphism between the sub dgla’s of G-invariant
elements. Since this restriction coincides with F g, this concludes the proof. 
Remark 4.3 In order to prove Theorem 4.1, we first have to check that F g(λ) = λ. This is very
easy since
F g(λ) = F g1 (λ),
and F g1 is basically the HKR map. It is worth mentioning, that F
g is both an L∞-morphism of
T •g (M) to C
•
g (M) with the usual structures defined above and an L∞-morphism of the curved dgla’s
(T •g (M),−λ,d = 0, [−,−]g) and (C
•
g (M),−λ, ∂
g, [−,−]g). This follows from the fact that F
g(λ) = λ
and that λ is closed and central in both dgla’s.
Since F g defines a curved L∞-morphism, we can immediately prove that it preserves the Hamiltonian
actions. We refer to the G-invariant star product for the formal Poisson structure π induced by the
Dolgushev formality together with a quantum moment map by equivariant star product.
Corollary 4.4 The map
Kg : MCλ
(
T •g (M)[[~]]
)
∋ Π 7−→
∑
k≥1
1
k!
F
g
k (Π ∨ · · · ∨Π) ∈MCλ
(
C•g (M)[[~]]
)
associates to a curved Maurer Cartan element Π = π + J ∈ ~
(
(T 1poly(M))
G ⊕ (g∗ ⊗ T−1poly(M))
G
)
[[~]]
an equivariant star product.
Proof: The fact that Kg maps curved Maurer Cartan elements to curved Maurer Cartan elements
can be found in [5, Lemma 2.7] and follows by the fact that F g is a morphism of curved L∞-algebras.
Since J has vector field degree −1, we can by counting carefully the degrees, conclude that
1
k!
F
g
k (Π ∨ · · · ∨Π) =
1
k!
F
g
k ((π + J) ∨ · · · ∨ (π + J))
=
1
k!
F
g
k (π ∨ · · · ∨ π) +
1
(k − 1)!
F
g
k (J ∨ π ∨ · · · ∨ π),
7
since deg(F gk (J ∨ J ∨ . . . )(ξ)) ≤ −2 for all ξ ∈ g and hence it vanishes. The star product is identified
with the polynomial degree 0, see Lemma 3.4, in the image, which is the first summand in the above
sum, but this coincides with the star product induced by Dolgushev formality after summing over k
by definition of the F gk ’s. 
In order to prove that the above L∞-morphism is actually a quasi-isomorphism, it is enough to
consider its first component and prove that it is a quis of complexes. We observe that the first
component F1 is obtained by classical HKR map. More explicitely, we have
F1 : T
•
poly(M)→ D
•
poly(M),
which is given by
F1(X1 ∧ · · · ∧Xk+1)(f1, . . . , fk+1) =
1
(k + 1)!
∑
σ∈Sk
sign(σ)LXσ(1)f1 · · · · ·LXσ(k+1)fk+1
It is easy to check that F1 is an injective chain map and G-equivariant. This means the map
F
g
1 : T
•
g (M)→ C
•
g (M) is given by
F
g
1 (X)(ξ) = F1(X(ξ))
for ξ ∈ g.
Lemma 4.5 Let Φ: G×M →M be a proper action. Then F g1 is a quasi-isomorphism.
Proof: This proof follows the same lines of the original HKR theorem for smooth manifolds. Let
C ∈ Ckg be closed. Then there exist S ∈
⊕
2i+j=k(S
ig∗ ⊗ Djpoly(M)) and X ∈ Λ
kTgM , such that
C = F g1 (X) + ∂
gS.
We can always achieve this by choosing a basis {ei}i∈I in g and applying the HKR theorem to the
components of C. Note that F g1 (X) is just the total anti-symmetrization of C and hence equivariant.
So, the only thing to prove is that there is a S′ ∈ Ckg (M) such that ∂
gS = ∂gS′. Let us choose
a open cover {On}n∈N of M such that On is compact for all n ∈ N and a subordinate partition of
unity {ξn}n∈N. Following [7] we choose a right-invariant measure Ω on G and we can see, using the
properness, that
ξavn : M ∋ p 7→
∫
G
Φ∗gξn(p)Ω ∈ R
is a well defined smooth function on M which is invariant under the action of G. So let us define
Savn : g ∋ ξ →
∫
G
Φ∗g[ξnS(Adg(ξ))]Ω,
which by the previous consideration well-defined. Since Adg is linear and S is polynomial, also S
av
n
is polynomial and Savn is invariant under Ad
∗
g ⊗Φ
∗
g. We consider now the sets Un = (ξ
av
n )
−1(R+) and
see that they are invariant under the group action and cover M . Since G acts properly, we find a
G-invariant partition of unity {χn}n∈N subordinate to {Un}. It is now easy to see that F =
∑
n χn ·ξ
av
n
is a well-defined non-vanishing G-invariant function and S′ :=
∑
n χnS
av
n
F
is a well-defined element in
Ckg (M), i.e. invariant under Ad
∗
g ⊗Φ
∗
g. Also, we have ∂
gS′ = ∂gS. 
Proof (of Theorem 4.1): Summing up the results obtained by Lemmas 4.2-4.5 and by Remark 4.3
it follows that the maps {F gk :
∨k(T •g (M)[1]) → C•g (M)[1]}k∈N define an L∞-quasi-isomorphism F g
which maps λ to λ, which proves Theorem 4.1. 
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